A weak selection on ℝ is a function f : [ℝ] 2 → ℝ such that f({x, y}) ∈ {x, y} for each {x, y} ∈ [ℝ] 2 . In this article, we continue with the study (which was initiated in [1]) of the outer measures λ f on the real line ℝ defined by weak selections f . One of the main results is to show that CH is equivalent to the existence of a weak selection f for which λ f (A) = 0 whenever |A| ≤ ω and λ f (A) = ∞ otherwise. Some conditions are given for a σ-ideal of ℝ in order to be exactly the family N f of λ f -null subsets for some weak selection f . It is shown that there are 2 c pairwise distinct ideals on ℝ of the form N f , where f is a weak selection. Also, we prove that the Martin axiom implies the existence of a weak selection f such that N f is exactly the σ-ideal of meager subsets of ℝ. Finally, we shall study pairs of weak selections which are "almost equal" but they have different families of λ f -measurable sets. 
Preliminaries and introduction
For an infinite set X and a cardinal number κ, we let [X] κ = {F ⊆ X : |F| = κ}, and similarly we define [X] ≤κ and [X] ≥κ . The cardinality of the real line is denoted by c. The letters α, β, γ, η, ξ and ζ will represent ordinal numbers. The Greek letter ω stands for the first infinite cardinal number, and ω 1 stands for the first uncountable cardinal number. Given a fixed ordinal α, (β, η), [β, η) , (β, η] and [β, η] will denote the distinct types of intervals of α with respect to the order of α for each β < η < α. The usual order on the real line ℝ will be simply denoted by ≤.
Given an infinite set X, a function f : [X] 2 → X is called a weak selection if f(F) ∈ F for all F ∈ [X] 2 . In this article, we shall only consider weak selections of the real line ℝ. The most common example of a weak selection on the real line is the Euclidean weak selection f E : [ℝ] 2 → ℝ given by f E ({x, y}) = x if and only if x < y for all {x, y} ∈ [ℝ] 2 . For a weak selection f on X, we say that a point x ∈ X is an f -minimum if f({x, y}) = x for every y ∈ X. If f : [ℝ] 2 → ℝ is a weak selection and {x, y} ∈ [ℝ] 2 , then we say that x < f y if f({x, y}) = x, and for x, y ∈ ℝ, we define x ≤ f y if either x < f y or x = y. This relation ≤ f is reflexive, antisymmetric and linear, but not transitive. If f is a weak selection and r, s ∈ ℝ, then the f -intervals are denoted by (r, s) f := {x ∈ X : r < f x < f s}, (r, s] f := {x ∈ X : r < f x ≤ f s}, (r, →) f := {x ∈ X : r < f x}, etc. For the Euclidean intervals, we just write (r, s), (r, s], (r, →), etc. In the notation (r, s), we shall understand that r < s. Meanwhile, in the general notation (r, s) f , we do not necessarily require that r < f s.
The weak selections have been studied by several mathematicians in the areas of topology and analysis (see, for instance, [2] [3] [4] [5] [7] [8] [9] and the survey paper [6] ). One important application of the weak selections is to
Problem 1.2. Is there a weak selection f such that N f is exactly the σ-ideal of meager subsets of ℝ?
In Section 2, we will see that there are 2 c pairwise distinct ideals of the form N f , where f is a weak selection on ℝ. An example of a σ-ideal on ℝ which is not of the form N f for any weak selection f is described. Some conditions on σ-ideals are given in order to be of the form N f for some weak selection f . In Section 3, we show that CH is equivalent to several conditions involving very special weak selections on ℝ. In Section 4, we use the Martin axiom to show the existence of a weak selection f for which N f is precisely the σ-ideal of meager subsets of ℝ. Section 5 is devoted to study pairs of weak selections which are similar modulo a "small" set, but their induced measures have different families of measurable sets.
N f -ideals
First let us construct 2 c pairwise distinct ideals of the form N f , where f is a weak selection on ℝ. The construction is based on the following theorem.
We recall the definition of the direct sum of two ideals I and J, I ⊕ J = {I ∪ J : I ∈ I and J ∈ J}.
It is easy to show that if I and J are two σ-ideals, then I ⊕ J is a σ-ideal too.
The following easy lemma was frequently used to construct examples and counterexamples in [1] (see [1, Lemma 2.4 
]).
Lemma 2.1. Let A ⊆ ℝ, and let f be a weak selection on ℝ. Suppose that there exists a sequence (x n ) n∈ℕ converging to x, in the Euclidean topology, such that, for every n ∈ ℕ, either x < f a < f x n or x n < f a < f x for every a ∈ A (but at most a countable subset). Then λ f (A) = 0.
We remark that if f does not have a minimum, then [ℝ] ≤ω ⊆ N f . Otherwise, if r ∈ ℝ is the f -minimum, by [1, Corollary 2.6 (2)], then we have λ({r}) = +∞, so {r} ∉ N f . Thus, in most of the cases, we shall assume that f does not have a minimum. Theorem 2.2. For every X ⊆ ℝ and for every weak selection f without minimum, there is a weak selection g such that N f ⊕ P(X) = N g .
Proof. Let X ⊆ ℝ be nonempty, and let f be a weak selection. If |ℝ \ X| ≤ ω, by [1, Corollary 2.7], then we obtain N f ⊕ P(X) = P(ℝ), and [1, Example 3.6] provides a weak selection g such that N g = P(ℝ). Hence we will suppose that |ℝ \ X| > ω. Fix a nontrivial sequence, faithfully indexed, {x n : n ∈ ℕ} ⊆ ℝ \ X converging to a point x ∈ ℝ \ X. Now define the weak selection g by
x n if r ∈ X and s = x n for some n ∈ ℕ,
x n if r = x m , s = x n and m < n, x n if r = x and s = x n for some n ∈ ℕ, f({r, s}) otherwise.
It is not hard to prove that g does not have a minimum and, by Lemma 2.1, P(X) ⊆ N g . Since neither f nor g have a minimum, we have 
which is equivalent to say that, for every positive k ∈ ℕ, there are {r k n : n ∈ ℕ}, {s k n : n ∈ ℕ} ⊆ ℝ such that
Clearly, this last statement is equivalent to λ g (Y) = 0, and the claim is proved. Proof. Consider the σ-ideal of the Lebesgue null sets N. By Theorem 2.2, we know that, for every A ∉ N, there is a weak selection g such that N g = N ⊕ P(A). It is then clear that we can find 2 c subsets of ℝ that are not in N. We know that these sets induce distinct σ-ideals of the form N ⊕ P(A). 
Proof. The implication (1) ⇒ (2) follows from Theorem 2.2 and (2) ⇒ (1) is trivial by putting X = 0.
The previous corollary suggests the following problem. Now we shall give some σ-ideals on ℝ that are not of the form N f for any weak selection f . To have this done, we need to recall that the cofinality of an ideal I, denoted by cf(I), is the least cardinality of a subset B ⊆ I such that, for every I ∈ I, there is B ∈ B such that I ⊆ B. If A is a nonempty family of nonempty subsets of ℝ, then
will denote the σ-ideal generated by A. Observe that cf(I(A)) ≤ |A| for every nonempty family A of nonempty subsets of ℝ.
The following result is well known, but we would like to include a proof of it.
Lemma 2.6. For every weak selection f , we have cf(N f ) ≤ c.
Proof. Let A be the family of all subsets of ℝ of the form
Since there are only c pairwise different f -intervals, we must have |A| ≤ c. By the definition of λ f , it is evident that N f = I(A).
Given an infinite cardinal number κ, an infinite family The next problem seems to be very natural.
Problem 2.8. Given an arbitrary family A of infinite subsets of ℝ of size c, is there a model of ZFC in which
The answer to Problem 2.8 is affirmative under CH, as will be shown in Theorem 3.9.
Next we shall study the ideals of the form
The following theorem will provide some conditions which guarantee that the σ-ideal [ℝ] <c ⊕ I(A) is of the form N f . First we prove some preliminary results.
Lemma 2.9. For every weak selection f and for every infinite set D ⊆ ℝ, there is a weak selection g such that D does not have a g-minimum and
Proof. Suppose that d is the f -minimum inside of D. Take a countable infinite subset N ⊆ D which contains d. Enumerate N as {r n : n ∈ ℕ} such that d = r 0 . The weak selection g is defined as g({r n , r m }) = r n whenever n > m, and g is equal to f on the other pairs of points. It is evident that D does not have a g-minimum, and since g is equal to f except for a countable subset, the second property holds.
Let α be an ordinal number of cardinality c, and let ϕ : [0, α) → ℝ be a bijection. Then we transfer the order of α to ℝ by using ϕ, and we define the weak selection f ϕ on ℝ by the rule f ϕ ({r, s}) = r if and only if ϕ −1 (r) < α ϕ −1 (s). When the characteristics of the bijection ϕ is not relevant, we will simply denote by f α the corresponding weak selection. Proof. Without loss of generality, we may assume that
We remark that Lemma 2.10 could fail for ordinals greater than c. For example, we may consider the ordinal c + 1 and any bijection ϕ : [0, c] → ℝ. Following arguments similar to the proof of the implication (3) ⇒ (1), we may choose a sequence (x n ) n∈ℕ convergent to ϕ(c). Set A = {r ∈ ℝ : x n < f ϕ r for all n ∈ ℕ}, and observe that |A| = c and λ f ϕ (A) = 0. Hence we deduce that if there is
Theorem 2.11 (c is regular). Let A = {A ξ : ξ < c} be a family of nonempty subsets of ℝ such that
Proof. Assume that c is regular. Enumerate [c] ω as {N ξ : ξ < c}, and set B ξ = ⋃ η∈N ξ A η for each ξ < c. By using the fact that every uncountable subset of ℝ contains a nontrivial convergent sequence and its limit point, for each ξ < c, we can find x ξ ∈ ℝ and a nontrivial sequence S ξ of ℝ so that
Let us define the weak selection f as follows:
and s ∈ S ξ for some ξ < c, r if r ∈ B ξ and s = x ξ for some ξ < c,
As ℝ = ⋃ η<c A η , there is ξ < c such that 
The following problem is somehow related to Theorem 2.2.
Problem 2.12. Given two weak selections f and g without a minimum, is there a weak selection h such that
In the next section, we will see that the previous problem has a positive answer under CH.
We remark that there are σ-ideals on ℝ which are not of the form I A for a c-AD-family A, for instance, the σ-ideal of meager subsets of the real line. This ideal will be considered in the next sections.
N f -ideals under CH
Let us consider in this section the trivial measure on ℝ defined by
It is evident from Lemma 2.10 that CH implies that λ f c = μ, so N f c = [ℝ] ≤ω . In the next theorem, we will show that CH is equivalent to the existence of a weak selection f for which λ f c = μ. This theorem will be a consequence of the following lemmas.
Definition 3.1. Let α ≤ c be an ordinal number. We say that a weak selection f generates an α-ordered set if there is an indexed subset {r β : β < α} ⊆ ℝ such that either r β < f r γ whenever β < γ < α, or r γ < f r β whenever β < γ < α.
Given X ⊆ ℝ, r ∈ ℝ and a weak selection f , we set
In particular, we have L(r) X f | ≤ ω 1 for each r ∈ Y is managed analogously. We will find recursively the points of the ω 2 -ordered set. Pick r 0 ∈ Y arbitrarily. Of course, the set {r 0 } is a 1-ordered set in Y. Let α < ω 2 , and assume that, for each β < α, a real number r β ∈ Y has been chosen such that r γ < f r β whenever γ < β < α. By hypothesis, we know that the set X α = ⋃ β<α L(r β ) X f has cardinality at most ω 1 . As |Y| ≥ ω 2 , we may find r α ∈ Y \ X α . It is then clear that r β < f r α for each β < α, and hence the set {r β : β ≤ α} is an (α + 1)-ordered set. By continuing this construction, we obtain a set B = {r α : α < ω 2 } which is an ω 2 -ordered set in Y. Proof. Let A = {r ξ : ξ < ω 2 } be the ω 2 -ordered set generated by f . Without loss of generality, assume that A does not have isolated points in the Euclidean topology and that r ξ < f r ζ provided that ξ < ζ < ω 2 ; the other case is analogous. Since A is separable in the Euclidean topology, we can choose a subset I ∈ [ω 2 ] ≤ω such that {r ξ : ξ ∈ I} is dense in A. Set β = min{I} and γ = sup{I}. Then we have I ⊆ [β, γ], and hence |[β, γ]| = ω 1 . Our required set is X = {r ξ : ξ ∈ (β, γ]}. Indeed, since A is an ω 2 -ordered set, X ⊆ (r β , r γ ] f . Fix ϵ > 0. As the set {r ξ : ξ ∈ I} is dense in X, we can choose ξ 1 as the least ξ ∈ [β, γ) such that |r ξ − r γ | < ϵ 2 . By using this process finitely many times, we can find a finite set
Then we obtain λ f (X) ≤ ϵ. Therefore, the λ f -outer measure of X is equal to 0. We are ready to state the main result of this section. (4) ⇒ (1). Let f be a weak selection such that every f -interval of the form (r, s] f is countable. Fix A ∈ N λ f . Then there is a countable family of ordered pairs {(r n , s n ) : r n , s n ∈ ℝ for each n ∈ ℕ} such that A ⊆ ⋃ n∈ℕ (r n , s n ] f . Thus |A| ≤ ω. This shows that ℝ does not have an uncountable subset of zero f -outer measure. Now assume the negation of CH. Then, by Lemma 3.4, we must have
Then there is a real number a such that |(a, →) f | ≥ ω 2 . By applying again the same lemma to the set (a, →) f , we obtain {r ∈ (a, →) f : |L(r)
Thus there is b ∈ (a, →) f such that |L(b)
which is a contradiction. Therefore, CH holds.
Based on the results already established, we shall say that a weak selection f satisfies the countable null condition (c.n.c.
Corollary 3.7 (CH). There is a weak selection f that satisfies c.n.c.
In connection with the last corollary, we shall consider the following statement.
Hypothesis (CNH, countable null hypothesis). There is a weak selection f on ℝ that satisfies c.n.c.
We are unable to answer the following problem.
Problem 3.8. Is CNH equivalent to CH?
Under CH, the σ-ideals with cofinality ≤ c may be characterized as follows.
Theorem 3.9 (CH). If I is a σ-ideal on ℝ with cf(I) ≤ c, then there is a weak selection f such that
Proof. Suppose CH, and let A = {A ξ : ξ < ω 1 } be a family of nonempty subsets of ℝ that generates the σ-ideal I. Assume without loss of generality that |ℝ \ ⋃ η<ξ A ξ | = ω 1 for every ξ < ω 1 . In the opposite, we have I(A) = I = P(ℝ); for this case, the weak selection defined in [1, Example 3.6] does the job. Then we have that the family A satisfies conditions (i) and (ii) from Theorem 2.11. Hence we can find a weak selection f Proof. The statement follows from the fact that the σ-ideal of meager subsets of ℝ is generated by the family of all nowhere dense closed subsets of ℝ, which has size c.
Corollary 3.11 (CH). For every pair of weak selections f, g, there is a weak selection h such that
N h = N f ⊕ N g .
N f -ideals under MA
It is well known that, under the Martin axiom, either the union of < c meager sets is meager, and the union of < c Lebesgue measure zero sets has measure 0. However, this is not the case for our outer measures that we have considered so far. Indeed, let A a partition of ℝ such that |A| = ω 1 and |A| = c for every A ∈ A. By using some ideas from the proof of Theorem 2.11 and the weak selection f c , we can find a weak selection f such that N f = ℕ ≤ω ⊕ I(A) = I(A) and ℝ ∉ N f . Hence, in a model of MA + ¬CH, this σ-ideal N f is not closed under < c unions.
Recall that an ideal I is a < c-ideal if it is closed under unions of subfamilies of size < c. Proof. Suppose that A = {A ξ : ξ < c} generates the ideal I. By transfinite induction, for each ξ < c, we will define points x ξ and sets S ξ and X ξ such that (1) S ξ is a nontrivial sequence converging to x ξ for each ξ < c,
Then the first stage is determined by (1)-(3). Let ξ < c, and suppose that we have defined the points x η and the sets S η and X η for every η < ξ satisfying (1)- (3). Since I is a proper < c-ideal containing ℝ <c , we have ℝ \ (A ξ ∪ (⋃ η<ξ X η )) = c. Then we may choose x ξ and S ξ which satisfy conditions (1) and (3). Finally, the set X ξ is defined by (2) , and (4) follows from the construction. Now let us define the weak selection f as follows:
if r ∈ X ξ and s = x ξ for some ξ < c, s if r ∈ X ξ and s ∈ S ξ for some ξ < c,
It is not hard to show that f does not have a minimum. Observe that the weak selection f is well-defined because of (3). Furthermore, λ f (X ξ ) = 0 for every ξ < c. So I ⊆ N f . To finish the proof, we will show that N f ⊆ I. In fact, fix B ∈ N f , and let {(r k n , s k n ] f : n ∈ ℕ, k ∈ ℕ} be a countable family of f -intervals such that
Choose ξ < c so that {r k n : n, k ∈ ℕ} ∪ {s k n : n, k ∈ ℕ} ⊆ X ξ . By clause (4), we have |X ξ \ ⋃ η≤ξ +1 A η | < c, and hence X ξ ∈ I. Thus B ∩ X ξ ∈ I. Let B = B \ X ξ .
Claim. B ∩ (S
Proof of the claim. Fix b ∈ B . Since r k n , s k n ∈ X ξ , we have s < f r k n < f x η and s < f s k n < f x η for every k, n ∈ ℕ and for every s ∈ S η , where
By the definition of f and the claim, we obtain f({b, x}) = f c ({b, x}) for every b ∈ B and every x ∈ X ξ . Then λ f (B ) = λ f c (B ) = 0, which implies that B ∈ [ℝ] <c . So B ∈ I. Therefore, N f ⊆ I. 
Equivalence and congruence of weak selections under their outer measures
In this section, we shall study some conditions on two weak selections f and g in order to induce the same family of measurable sets of ℝ. Indeed, we will call this property M-equivalence. The approximation to the Mequivalence property that we propose in the present paper is inspired by [ It is then natural to ask whether or not two weak selections f and g are M-equivalent provided f and g are congruent (weakly congruent) modulo N for a certain N ⊆ ℝ. In what follows, we will be only interested in weak selections that are weakly congruent modulo a countable set. First of all, we shall describe two weak selections f and g such that f ≅ * N g for a finite set N such that M f ̸ = M g . To show this, we will prove that, for a given fix point x ∈ ℝ, every weak selection f is weakly congruent modulo {x} with another weak selection g for which the real line has zero g-outer measure. A usual way to define this kind of outer measures uses Lemma 2.1, but unfortunately this lemma is not strong enough to prove the promised result. Thus we shall need to prove a stronger lemma. Lemma 5.2. Let A ⊆ ℝ, and let f be a weak selection. Suppose that there exists a sequence (x n ) n∈ℕ converging to x in the Euclidean topology such that
Then A has zero f -outer measure.
Proof. Let (x n ) n∈ℕ be a sequence converging to x satisfying the required conditions. Fix ϵ > 0 arbitrarily, and let k ∈ ℕ such that
By hypothesis,
Since ϵ was chosen arbitrarily, we obtain λ f (A) = 0. Proof. Fix a weak selection f , and choose any point x and a sequence (x n ) n∈ℕ converging to x satisfying ∑ ∞ n=0 |x − x n | < ϵ 2 and 0 < |x − x n | for every n ∈ ℕ. Enumerate the family of all nontrivial subsequences of (x n ) n∈ℕ by {S ξ : ξ < c}. For each ξ < c, define
The required weak selection g must satisfy g| [ 
Let us see that ℝ = ⋃ ξ <c X ξ . Indeed, pick r ∈ ℝ arbitrarily, and consider the sets L = {n ∈ ℕ : r < f x n } and R = {n ∈ ℕ : x n < f r}. Then we have that at least one of these two sets is infinite. If |L| = ω and ξ < c is such that S ξ = (x n ) n∈L , then it is evident that r ∈ L ξ . A similar conclusion is obtained for the case when R is infinite. We shall define g over {{x, r} : r ∈ ℝ \ {x}} since, on the other points, g will agree with the weak selection f . Fix r ∈ ℝ \ {x}, and let ξ < c be the least ordinal for which x ∈ X ξ . If r ∈ L ξ , then we define x < g r, and if r ∈ R ξ , then we define r < g x. It is clear that g is a well-defined weak selection such that g ≅ * {x} f . According to Lemma 5.2, we obtain λ f (ℝ) = 0. It is evident that {X 1 , X 2 } is a partition of X and {x 2 ξ : ξ < c} ⊆ X 2 . Let {(r n , s n ] f : n ∈ ℕ} be a countable family of f -intervals, and let ξ < c be such that r n = r ξ n and s n = s ξ n for every n ∈ ℕ. It is then clear that the family {(r n , s n ] f : n ∈ ℕ} cannot cover none of the sets X 1 nor X 2 since {x 
